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Yong Suk Moon
Abstract
Let k be a perfect field of characteristic p > 2, and let K be a finite totally
ramified extension over W (k)[1p ]. Let R0 be an unramified relative base ring over
W (k)〈X±11 , . . . ,X
±1
d 〉, and let R = R0 ⊗W (k) OK . We define relative B-pairs and
study their relations to weakly admissible R0[
1
p ]-modules and Qp-representations. As
an application, when R = OK [[Y ]] with k = k, we show that every rank 2 horizontal
crystalline representation with Hodge-Tate weights in [0, 1] whose associated isocrys-
tal over W (k)[1p ] is reducible arises from a p-divisible group over R. Furthermore, we
give an example of a B-pair which arises from a weakly admissible R0[
1
p ]-module but
does not arise from a Qp-representation.
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1 Introduction
Let k be a perfect field of characteristic p > 2, and letW (k) be its ring of Witt vectors. Let
K be a finite totally ramified extension overW (k)[1
p
], and denote by OK its ring of integers.
Let R0 be an unramified relative base ring over W (k)〈X
±1
1 , . . . , X
±1
d 〉 which is the p-adic
completion of W (k)[X±11 , . . . , X
±1
d ], and let R = R0⊗W (k)OK . (cf. Section 2.1). Examples
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of such R include OK〈X
±1
1 , . . . , X
±1
d 〉 and the formal power series ring OK [[Y1, . . . , Yd]] with
Yi = Xi − 1.
Brinon developed p-adic Hodge theory in the relative case in [Bri08], which is studied
further by Scholze in [Sch13] and Kedlaya-Liu in [KL15]. Let R denote the union of finite
R-subalgebras R′ of a fixed separable closure of Frac(R) such that R′[1
p
] is e´tale over R[1
p
].
Then SpecR[1
p
] is a pro-universal covering of SpecR[1
p
], and R is the integral closure of R in
R[1
p
]. Let GR := Gal(R[
1
p
]/R[1
p
]) = πe´t1 (SpecR[
1
p
]). In [Bri08], the relative crystalline period
ring Bcris(R) is constructed, and the notions of crystalline representations of GR and filtered
(ϕ,∇)-modules over R0[
1
p
] are defined generalizing those when the base is a p-adic field.
In loc. cit., punctually weakly admissible modules and weakly admissible modules are also
defined to generalize weakly admissible modules over a p-adic field. A fundemental open
question concerning these objects is the following:
Question 1.1. Which filtered (ϕ,∇)-modules over R0[
1
p
] arise from crystalline representa-
tions of GR?
A filtered (ϕ,∇)-module over R0[
1
p
] is said to be admissible if it arises from a crystalline
representation of GR. When the base is a p-adic field K, it is proved in [CF00] that a
filtered ϕ-module over K with zero monodromy is admissible if and only if it is weakly
admissible.
Another interesting question in relative p-adic Hodge theory concerns representations
arising from a p-divisible group. For a p-divisible group GR over SpecR, let Tp(GR) :=
HomR(Qp/Zp, GR ×R R) be the associated Tate module. Then by [Kim15, Corollary
5.4.2], (Tp(GR)⊗Zp Qp)
∨ is a crystalline GR-representation whose Hodge-Tate weights lie in
[0, 1] (in this paper, we use the covariant version of the functor DdR(·) to define Hodge-Tate
weights, which is different from the convention using the contravariant one). This raises
the following natural question.
Question 1.2. Which crystalline representations of GR whose Hodge-Tate weights lie in
[0, 1] arise from p-divisible groups over SpecR?
Kim showed in [Kim15, Theorem 3.5] that the category of p-divisible groups over R
is anti-equivalent to the category of relative Breuil modules, which characterize the linear
algebraic structure of corresponding weakly admissible modules. Hence, for crystalline
representations with Hodge-Tate weights in [0, 1], Question 1.2 is closely related to Question
1.1. When the base is a p-adic field K, Kisin proved in [Kis06, Corollary 2.2.6] that every
crystalline Gal(K/K)-representation whose Hodge-Tate weights lie in [0, 1] arises from a
p-divisible group over OK .
In this paper, our objects of study center around Question 1.1 and 1.2 for some special
cases. We define the category of B-pairs in the relative case and study the relations with
Qp-representations and weakly admissible modules. As an application, when R = OK [[Y ]]
with k = k, we compute B-pairs corresponding to certain weakly admissible modules and
show the following theorem.
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Theorem 1.3. Let R = OK [[Y ]] and suppose k is algebraically closed. Let V be a horizontal
crystalline GR-representation of rank 2 over Qp with Hodge-Tate weights in [0, 1] such that
its associated isocrystal is reducible. Then there exists a p-divisible group GR over R such
that (Tp(GR)[
1
p
])∨ ∼= V as GR-representations. Furthermore, there exists a B-pair which
arises from a weakly admissible R0[
1
p
]-module but does not arise from a Qp-representation.
In particular, the last statement of Theorem 1.3 shows that the relative case is different
from the case when the base is a p-adic field where every semi-stable B-pair of slope 0
arises from a Qp-representation. It also answers negatively the question raised in [Bri08]
whether weakly admissible implies admissible in the relative case.
We remark that it is proved in [LM18] using a completely different method that when
R has Krull dimension 2 with the ramification index e < p − 1, then every crystalline
representation with Hodge-Tate weights in [0, 1] comes from a p-divisible group over R.
However, the argument in [LM18] relies crucially on the assumption that the ramification
is small, whereas the result in Theorem 1.3 holds for any ramification.
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2 p-adic Hodge Theory in the relative case
2.1 Crystalline and de Rham period rings
We follow the notation as in the Introduction. We first recall the constructions and re-
sults of relative p-adic Hodge theory developed in [Bri08], using the same terminologies
such as punctually weakly admissible modules and weakly admissible modules. Denote by
W (k)〈X±11 , . . . , X
±1
d 〉 the p-adic completion of the polynomial ring W (k)[X
±1
1 , . . . , X
±1
d ].
Let R0 be a ring obtained from W (k)〈X
±1
1 , . . . , X
±1
d 〉 by a finite number of iterations of
the following operations:
• p-adic completion of an e´tale extension;
• p-adic completion of a localization;
• completion with respect to an ideal containing p.
We further assume that either W (k)〈X±11 , . . . , X
±1
d 〉 → R0 has geometrically regular fibers
or R0 has Krull dimension less than 2, and that k → R0/pR0 is geometrically integral and
R0 is an integral domain.
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R0/pR0 has a finite p-basis given by X1, . . . , Xd. The Witt vector Frobenius on W (k)
extends (not necessarily uniquely) to R0, and we fix such a Frobenius endomorphism ϕ :
R0 → R0. Let Ω̂R0 = lim←−n Ω(R0/p
n)/W (k) be the module of p-adically continuous Ka¨hler
differentials. Then Ω̂R0
∼=
⊕d
i=1R0 · dXi by [Bri08, Proposition 2.0.2]. If ∇ : R0[
1
p
] →
R0[
1
p
]⊗R0 Ω̂R0 is the universal continuous derivation, then (R0[
1
p
])∇=0 = W (k)[1
p
]. We work
over the base ring R given by R := R0 ⊗W (k) OK .
The relative de Rham period ring and the crystalline period ring are constructed as fol-
lows. Let R
♭
= lim←−
ϕ
R/pR. There exists a natural W (k)-linear surjective map θ : W (R
♭
)→
R̂ which lifts the projection onto the first factor. Here, R̂ denotes the p-adic completion
of R. Define B∇+dR (R) := lim←−nW (R
♭
)[1
p
]/(ker(θ))n. Choose compatibly ǫn ∈ R such that
ǫ0 = 1, ǫn = ǫ
p
n+1 with ǫ1 6= 1, and let ǫ˜ = (ǫn)n≥0 ∈ R
♭
. Then t := log [ǫ˜] ∈ B∇+dR (R) and
B∇+dR (R) is t-torsion free. The horizontal de Rham period ring is defined to be B
∇
dR(R) =
B∇+dR (R)[
1
t
], equipped with the filtration FiljB∇dR(R) = t
jB∇+dR (R) for j ∈ Z. The GR-action
on W (R
♭
) extends uniquely to B∇dR(R). Let θR : R ⊗W (k) W (R
♭
) → R̂ be the R-linear
extension of θ, and denote by Ainf(R̂/R) the completion of R⊗W (k)W (R
♭
) for the topology
given by the ideal θ−1R (pR̂). Let B
+
dR(R) = lim←−nAinf(R̂/R)[
1
p
]/(ker(θR))
n. Define the de
Rham period ring to be BdR(R) = B
+
dR(R)[
1
t
]. For j ≥ 0, we let FiljB+dR(R) = (ker(θR))
j
and Fil0BdR(R) =
∞∑
n=0
1
tn
FilnB+dR(R). For j ∈ Z, let Fil
jBdR(R) = t
jFil0BdR(R). BdR(R) is
equipped with the connection ∇ : BdR(R)→ BdR(R)⊗R0 Ω̂R0 which isW (R
♭
)-linear and ex-
tends the universal continuous derivation of R. ∇ satisfies the Griffiths transversality. The
GR-action on R⊗W (k)W (R
♭
) extends uniquely to BdR(R), and commutes with ∇. We have
a natural embedding B∇dR(R) →֒ BdR(R) compatible with the filtrations and GR-actions,
and B∇dR(R) = (BdR(R))
∇=0. Furthermore, BdR(R)
GR = R[1
p
] and (B∇dR(R))
GR = K.
For i = 1, . . . , d, choose compatibly Xi,n ∈ R such that Xi,0 = Xi and Xi,n = X
p
i,n+1,
and let [X˜i] ∈ R
♭
. Let ui = Xi ⊗ 1− 1⊗ [X˜i] ∈ R⊗W (k) W (R
♭
). The following proposition
is proved in [Bri08].
Proposition 2.1. (cf. [Bri08, Proposition 5.1.4, 5.2.2, 5.2.5]) The natural embedding
B∇+dR (R)[[u1, . . . , ud]]→ B
+
dR(R)
is an isomorphism. Furthermore, Fil0BdR(R) = B
+
dR(R)[
u1
t
, . . . ,
ud
t
].
For the horizontal crystalline and crystalline period rings, we first construct the integral
ones. Let A∇cris(R) be the p-adic completion of the divided power envelope of W (R
♭
) with
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respect to ker(θ). The Witt vector Frobenius and GR-action on W (R
♭
) extend uniquely
to A∇cris(R). Let θR0 : R0 ⊗W (k) W (R
♭
) → R̂ be the R0-linear extension of θ, and define
Acris(R) to be the p-adic completion of the divided power envelope of R0 ⊗W (k) W (R
♭
)
with respect to ker(θR0). The GR-action on R0 ⊗W (k) W (R
♭
) extends uniquely to Acris(R).
The Frobenius endomorphism on R0 ⊗W (k) W (R
♭
) given by ϕ on R0 and the Witt vector
Frobenius on W (R
♭
) extends uniquely to Acris(R). We have the connection ∇ : Acris(R)→
Acris(R)⊗R0 Ω̂R0 which is W (R
♭
)-linear and extends the universal continuous derivation of
R0. The Frobenius on Acris(R) is horizontal. We have a natural GR-equivariant embedding
A∇cris(R) →֒ Acris(R), and Acris(R)
∇=0 = A∇cris(R). Moreover, (A
∇
cris(R))
GR = W (k) and
Acris(R)
GR = R0. Note that t ∈ Acris(Zp) and p divides tp−1 in Acris(Zp). Acris(R) is t-
torsion free, and we define B∇cris(R) = A
∇
cris(R)[
1
t
] and Bcris(R) = Acris(R)[
1
t
], equipped with
the Frobenius and GR-action extending those on Acris(R). We extend the connection on
Acris(R) to Bcris(R) t-linearly. Bcris(R)⊗R0[ 1p ]R[
1
p
] naturally embeds into BdR(R) compatibly
with the connections and GR-actions.
Let U1 = {x ∈ B∇cris(R) ∩ B
∇+
dR (R), ϕ(x) = px}. The following proposition is shown in
[Bri08].
Proposition 2.2. (cf. [Bri08, Lemma 6.2.22, Proposition 6.2.23]) The following sequences
are exact:
0→ Qp · t→ U1
θ
→ B∇+dR (R)/Fil
1B∇+dR (R)→ 0,
0→ Qp → (B
∇
cris(R))
ϕ=1 → B∇dR(R)/B
∇+
dR (R)→ 0.
For a continuous GR-representation V overQp, we denoteD∇cris(V ) = (V ⊗QpB
∇
cris(R))
GR ,
Dcris(V ) = (V ⊗Qp Bcris(R))
GR and DdR(V ) = (V ⊗Qp BdR(R))
GR. The natural morphisms
α∇cris : D
∇
cris(V )⊗W (k)[ 1
p
] B
∇
cris(R)→ V ⊗Qp B
∇
cris(R),
αcris : Dcris(V )⊗R0[ 1p ] Bcris(R)→ V ⊗Qp Bcris(R),
αdR : DdR(V )⊗R[ 1
p
] BdR(R)→ V ⊗Qp BdR(R)
are injective. We say V is horizontal crystalline (resp. crystalline, de Rham) if α∇cris (resp.
αcris, αdR) is an isomorphism. For any Qp-representation V , we have natural embeddings
D∇cris(V )⊗W (k)[ 1
p
] R0[
1
p
] →֒ Dcris(V ) and Dcris(V )⊗R0[ 1p ] R[
1
p
] →֒ DdR(V ). If V is horizontal
crystalline, then V is crystalline and the map D∇cris(V ) ⊗W (k)[ 1
p
] R0[
1
p
] → Dcris(V ) is an
isomorphism. If V is crystalline, then V is de Rham and the map Dcris(V ) ⊗R0[ 1p ] R[
1
p
] →
DdR(V ) is an isomorphism.
We study the linear algebraic structure of Dcris(V ) in the following way. A filtered
(ϕ,∇)-module over R0[
1
p
] is defined to be a tuple (D,ϕD,∇D,Fil
jD) such that
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• D is a finite projective R0[
1
p
]-module ;
• ϕD : D → D is ϕ-semilinear endomorphism such that 1⊗ ϕD is an isomorphism;
• ∇D : D → D ⊗R0 Ω̂R0 is an integrable connection which is topologically quasi-
nilpotent, i.e., there exists a finitely generated R0-submodule M ⊂ D stable under
∇ such that M [1
p
] = D and the induced connection on M/pM is nilpotent. The
Frobenius ϕD is horizontal with respect to ∇D;
• FiljDR is a decreasing separated and exhaustive filtration by R[
1
p
]-submodules of
DR := D ⊗R0[ 1p ] R[
1
p
] such that the graded module gr•DR is projective over R[
1
p
].
Furthermore, Griffiths transversality holds for the induced connection: ∇D(Fil
jDR) ⊂
Filj−1DR ⊗R0 Ω̂R0 .
Denote by MF(R) be the category of filtered (ϕ,∇)-modules over R0[
1
p
], whose mor-
phisms are R0[
1
p
]-module morphisms compatible with all structures. It is equipped with
tensor product and duality structures as in [Bri08, Section 7]. For D ∈ MF(R), its Hodge-
Tate weights are defined to be integers w ∈ Z such that grwD 6= 0. We define its Hodge
number
tH(D) :=
∑
j∈Z
j · rankR[ 1
p
](gr
jDR).
Let p ∈ SpecR0/pR0, and let κp be the perfect closure lim−→ϕ(R0/pR0)/p. By the universal
property of p-adic Witt vectors, there exists a unique map bp : R0 →W (κp) lifting R0 → κp
which is compatible with Frobenius (with the Witt vector Frobenius on W (κp)). Then
Dp := D⊗R0,bp W (κp) is a filtered ϕ-module over W (κp)[
1
p
] with the induced filtration and
Frobenius. We define the Newton number of D at p to be the Newton number of Dp, and
denote it by tN(D, p). We say D is punctually weakly admissible if for all p ∈ Spec(R0/pR0),
the following conditions hold:
• tH(D) = tN(D, p);
• For each sub-object D′ of D in MF(R), tH(D
′) ≤ tN (D′, p).
Denote by MFpwa(R) the full subcategory of MF(R) consisting of punctually weakly ad-
missible modules.
For a GR-representation V over Qp, we equip D∇cris(V ) with the Frobenius induced from
Bcris(R), Dcris(V ) with the Frobenius and connection induced from Bcris(R), and DdR(V )
with the filtration and connection induced from BdR(R). Then Dcris(V )
∇=0 = D∇cris(V ) and
the map Dcris(V )⊗R0[ 1p ] R[
1
p
]→ DdR(V ) is compatible with connections. If V is horizontal
crystalline, then the isomorphism D∇cris(V ) ⊗W (k)[ 1
p
] R0[
1
p
] → Dcris(V ) is compatible with
Frobenius. Note that if V is crystalline, then it is horizontal crystalline if and only if the
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map D∇cris(V ) ⊗W (k)[ 1
p
] R0[
1
p
] → Dcris(V ) is an isomorphism, i.e., if and only if Dcris(V ) is
generated by its parallel elements.
If V is crystalline, we further equip Dcris(V )⊗R0[ 1p ] R[
1
p
] with the filtration induced by
DdR(V ). Then we have Dcris(V ) ∈ MF
pwa(R) by [Bri08, Proposition 8.3.4].
For D ∈ MF(R), define
Vcris(D) := (D ⊗R0[ 1p ] Bcris(R))
∇=0,ϕ=1 ∩ Fil0((DR ⊗R[ 1
p
] BdR(R))
∇=0)
where D⊗R0[ 1p ]Bcris(R) is equipped with the Frobenius and connection given by the tensor
product, and DR ⊗R[ 1
p
] BdR(R) is equipped with the filtration and connection given by
the tensor product. Then Vcris(D) is a continuous Qp-representation of GR. We say D is
admissible if there exists a crystalline representation V such that D ∼= Dcris(V ) in MF(R),
and denote by MFa(R) the full subcategory of MFpwa(R) consisting of admissible modules.
Then by [Bri08, Theorem 8.5.2], Dcris and Vcris are quasi-inverse equivalences of Tannakian
categories between the category of crystalline representations and MFa(R). It is not known
precisely which punctually weakly admissible modules are admissible.
We say D ∈ MF(R) is weakly admissible if D is punctually weakly admissible and there
exists a finite e´tale extension R′0 over R0 such that Dcris(V )⊗R0[ 1p ] R
′
0[
1
p
] is free over R′0[
1
p
].
For characters, Dcris induces an equivalence between the category of crystalline characters
of GR and the category of weakly admissible R0[
1
p
]-modules of rank 1. However, it is not
known whether Dcris(V ) is weakly admissible for any crystalline representation V .
2.2 Relative B-pairs
In [Ber08], B-pairs are studied when the base is a p-adic field. There is a natural fully
faithful functor from the category of Qp-representations to the category of B-pairs, and the
category of B-pairs is equivalent to that of (ϕ,Γ)-modules over the Robba ring. We define
the category of B-pairs in the relative case and study its relations to Qp-representations
and admissible modules.
Let Be(R) := (B
∇
cris(R))
ϕ=1. A B-pair W = (We,W
∇+
dR ) is given by a finite free Be(R)-
module We equipped with a semi-linear GR-action and a finite free B
∇+
dR (R)-module W
∇+
dR
equipped with a semi-linear GR-action such that
We ⊗Be(R) B
∇
dR(R)
∼= W∇+dR ⊗B∇+
dR
(R) B
∇
dR(R)
as B∇dR(R)-modules compatible with GR-actions. Denote by B−Pair(R) the category of
B-pairs whose morphisms are pairs of Be(R)-module and B
∇+
dR (R)-module morphisms com-
patible with GR-actions and with isomorphisms over B∇dR(R).
We have a natural functorWR from the category ofQp-representations of GR toB−Pair(R)
given by WR(V ) = (V ⊗Qp Be(R), V ⊗Qp B
∇+
dR (R)).
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Proposition 2.3. The functor WR is fully faithful. Furthermore, if V is a crystalline
GR-representation, then
WR(V ) ∼= ((Dcris(V )⊗R0[ 1p ] Bcris(R))
∇=0,ϕ=1, Fil0(DdR(V )⊗R[ 1
p
] BdR(R))
∇=0)
as B-pairs.
Proof. We have Be(R) ∩ B
∇+
dR (R) = Qp by Proposition 2.2, so WR is fully faithful.
If V is crystalline, then the maps
αcris : Dcris(V )⊗R0[ 1p ] Bcris(R)→ V ⊗Qp Bcris(R)
and
αdR : DdR(V )⊗R[ 1
p
] BdR(R)→ V ⊗Qp BdR(R)
are isomorphisms. Thus,
(V ⊗Qp Bcris(R))
∇=0,ϕ=1 = V ⊗Qp Be(R) ∼= (Dcris(V )⊗R0[ 1p ] Bcris(R))
∇=0,ϕ=1
and
Fil0(V ⊗Qp BdR(R))
∇=0 = V ⊗Qp B
∇+
dR (R)
∼= Fil0(DdR(V )⊗R[ 1
p
] BdR(R))
∇=0.
Furthermore, the diagram connecting αcris and αdR induced by Dcris(V ) ⊗R0[ 1p ] R[
1
p
] ∼=
DdR(V ) and the embedding Bcris(R) ⊗R0[ 1p ] R[
1
p
] → BdR(V ) is commutative. This proves
the second statement.
If we denote by B−Pairrep(R) the full subcategory of B−Pair(R) given by the essential
image ofWR, then the functor (We,W
∇+
dR ) 7→ We∩W
∇+
dR from B−Pair
rep(R) to the category
of Qp-representations is a quasi-inverse to WR by Proposition 2.2.
For any weakly admissible R0[
1
p
]-moduleD, we denoteWe(D) := (D⊗R0[ 1p ]Bcris(R))
∇=0,ϕ=1
and W∇+dR (D) := Fil
0(DR ⊗R[ 1
p
] BdR(R))
∇=0.
3 Horizontal crystalline representations of rank 2 when
R = OK [[Y ]] and k = k
In this section, we consider the case when R0 =W (k)[[Y ]] with algebraically closed residue
field k and prove Theorem 1.3. Let R = R0 ⊗W (k) OK as above, and choose a uniformizer
̟ ∈ OK . Equip R0 with the Frobenius given by Y 7→ Y
p. Note that R0 is isomorphic to
the completion of W (k)〈X±1〉 with respect to the ideal (p,X − 1) via X 7→ Y + 1. Thus,
by Proposition 2.1, if we let u = (Y + 1)⊗ 1− 1⊗ [Y˜ + 1] ∈ R⊗W (k) W (R
♭
), then
B∇+dR (R)[[u]] = B
+
dR(R), Fil
0BdR(R) = B
+
dR(R)[
u
t
].
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Let V be a horizontal crystalline GR-representation of rank 2 whose Hodge-Tate weights
lie in [0, 1]. D∇cris(V ) is an isocrystal overW (k)[
1
p
], and we have a ϕ-equivariant isomorphism
D∇cris(V ) ⊗W (k)[ 1
p
] R0[
1
p
] ∼= Dcris(V ). Denote D = Dcris(V ) and D
1
R = Fil
1DR. We say D is
e´tale (resp. multiplicative) if D1R = DR (resp. D
1
R = 0). If D is e´tale (resp. multiplicative),
then it is induced from an e´tale (resp. a multiplicative) filtered ϕ-module D∇cris(V ). In
particular, V arises from a p-divisible group over R in both e´tale and multiplicative cases.
Now, assume D1R has rank 1 over R[
1
p
]. Then tH(D) = 1, and both D
1
R and DR/D
1
R
are free over R[1
p
] since R[1
p
] is a principal ideal domain. Suppose further that D∇cris(V )
is reducible as an isocrytal over W (k)[1
p
]. Since k = k, we can apply the Dieudonne´-
Manin classification. Note that D is weakly admissible and thus the slopes of all isoclinic
subobjects of D∇cris(V ) are non-negative, since each isoclinic subobject of D
∇
cris(V ) induces
a subobject of D. Hence, we can choose a W (k)[1
p
]-basis (e1, e2) of D
∇
cris(V ) such that
ϕ(e1) = pe1,
ϕ(e2) = e2.
Then
We(D) = (D ⊗R0[ 1p ] Bcris(R))
∇=0,ϕ=1 =
1
t
e1 · Be ⊕ e2 · Be.
On the other hand, since D1R and DR/D
1
R are free of rank 1 over R[
1
p
], we have
D1R = (f(Y )e1 + g(Y )e2) · R[
1
p
]
for some f(Y ), g(Y ) ∈ OK [[Y ]] such that either ̟ ∤ f(Y ) or ̟ ∤ g(Y ) in OK [[Y ]] and that
there exist h(Y ), r(Y ) ∈ OK [[Y ]] with (f(Y )r(Y )− g(Y )h(Y )) being a unit in R[
1
p
]. Then,
DR ∼= (f(Y )e1 + g(Y )e2) · R[
1
p
]⊕ (h(Y )e1 + r(Y )e2) · R[
1
p
]
as R[1
p
]-modules, and
Fil0(DR ⊗R[ 1
p
] BdR(R)) =
f(Y )e1 + g(Y )e2
t
· Fil0BdR(R)⊕ (h(Y )e1 + r(Y )e2) · Fil
0BdR(R).
Denote c = [Y˜ + 1]− 1, so that Y = u+ c. We can write f(Y ) = f(u+ c) = f(c) + uf1(u)
with f(c) ∈ B∇+dR (R) and f1(u) ∈ B
+
dR(R) = B
∇+
dR [[u]], and similarly for g(Y ), h(Y ), r(Y ).
For any a(u), b(u) ∈ B+dR(R), we have
f(Y )e1 + g(Y )e2
t
(1 + ua(u)) + (h(Y )e1 + r(Y )e2)
u
t
b(u) =
f(c)e1 + g(c)e2
t
+
u
t
((f(Y )a(u) + h(Y )b(u) + f1(u))e1 + (g(Y )a(u) + r(Y )b(u) + g1(u))e2).
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The system of equations
f(Y )a(u) + h(Y )b(u) = −f1(u),
g(Y )a(u) + r(Y )b(u) = −g1(u)
has a unique solution a(u), b(u) ∈ B+dR(R), since f(Y )r(Y ) − g(Y )h(Y ) is a unit in R[
1
p
].
Thus,
f(c)e1 + g(c)e2
t
∈ W∇+dR (D) = Fil
0(D ⊗R BdR(R))
∇=0.
Similarly, for any a(u), b(u) ∈ B+dR(R),
f(Y )e1 + g(Y )e2
t
· tua(u) + (h(Y )e1 + r(Y )e2)(1 + ub(u)) =
h(c)e1 + r(c)e2 + u((f(Y )a(u) + h(Y )b(u) + h1(u))e1 + (g(Y )a(u) + r(Y )b(u) + r1(u))e2),
and the system
f(Y )a(u) + h(Y )b(u) = −h1(u),
g(Y )a(u) + r(Y )b(u) = −r1(u)
has a unique solution a(u), b(u) ∈ B+dR(R). Thus, h(c)e1 + r(c)e2 ∈ W
∇+
dR (D). We then
have
W∇+dR (D) =
f(c)e1 + g(c)e2
t
· B∇+dR (R)⊕ (h(c)e1 + r(c)e2) · B
∇+
dR (R).
Note that We(D)⊗Be(R) B
∇
dR(R) = W
∇+
dR (D)⊗B∇+
dR
(R) B
∇
dR(R) = e1 · B
∇
dR(R)⊕ e2 · B
∇
dR(R),
since f(c)r(c)−g(c)h(c) is a unit in B∇+dR (R). In particular, (We(D),W
∇+
dR (D)) is a B-pair.
The intersection We(D) ∩ W
∇+
dR (D) is given by the set of solutions (x, y, s, z) with
x, y ∈ Be(R), s, z ∈ B
∇+
dR (R) satisfying
x
t
=
f(c)
t
s+ h(c)z,
y =
g(c)
t
s+ r(c)z.
Then x = f(c)s + th(c)z ∈ Be(R) ∩ B
∇+
dR (R) = Qp by Proposition 2.2, and y =
y1
t
with
y1 ∈ U1.
Proposition 3.1. f(Y ) is a unit in R[1
p
], and for any such D, Vcris(D) = We(D)∩W
∇+
dR (R)
has rank 2 over Qp.
Proof. Suppose f(Y ) is not a unit in R[1
p
]. Since θ(c) = Y , by applying θ to the equations
x = f(c)s+ th(c)z,
y1 = g(c)s+ tr(c)z,
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we obtain
x = f(Y )θ(s),
θ(y1) = g(Y )θ(s).
Since x ∈ Qp and θ(s) ∈ R̂[
1
p
], we have x = 0 = θ(s). Then θ(y1) = 0, and by Proposition
2.2, the Qp-module We(D)∩W
∇+
dR (D) has rank 1. This contradicts to D being admissible.
Since f(Y ) is a unit in R[1
p
], we can choose h(Y ) = 0 and r(Y ) = 1. Then x ∈ Qp
as above and s = f(c)−1x ∈ B∇+dR (R). We have θ(y1) = g(Y )θ(s) = g(Y )f(Y )
−1x and
z =
y1 − g(c)s
t
∈ B∇+dR (R). Hence, Vcris(D) has rank 2 over Qp by Proposition 2.2.
By Proposition 3.1, we can write D1R = (e1 + g(Y )e2) · R[
1
p
] for some g(Y ) ∈ R[1
p
]. By
replacing e2 by
1
pn
e2 for some non-negative integer n if necessary, we can further assume
g(Y ) = pg1(Y ) for some g1(Y ) ∈ R = OK [[Y ]]. We now show such D arises from a p-
divisible group over R by constructing the associated relative Breuil module. Let E(u) be
the Eisenstein polynomial for ̟ over R0, and let S = R0[[u]] equipped with the Frobenius
extending that on R0 by u 7→ u
p. Let S be the p-adic completion of the divided power
envelope of S with respect to the ideal (E(u)). Explicitly, the elements of S can be
described as
S = {
∑
n≥0
an
un
⌊n/e⌋!
| an ∈ R0, an → 0 p-adically}
where e is the degree of E(u). Note that S/(E(u)) ∼= R, and the Frobenius on S extends
uniquely to S. Let Fil1S ⊂ S be the p-adically completed ideal generated by the divided
powers
E(u)n
n!
, n ≥ 1. Since
ϕ(E(u))
p
is a unit in S, we have ϕ(Fil1S) = pS as S-modules.
Denote by duS : S → S ⊗R0 Ω̂R0 the connection given by
duS(
∑
n≥0
an
un
⌊n/e⌋!
) =
∑
n≥0
un
⌊n/e⌋!
dR0(an),
where dR0 : R0 → R0⊗R0 Ω̂R0 is the universal connection and an ∈ R0 such that an → 0 in
the p-adic topology.
Let g1 ∈ S be any preimage of g1(Y ) for the map S ։ S/Fil
1S ∼= R. Let M =
e1 · S ⊕ e2 · S, equipped with the filtration
Fil1M = Fil1S · M+ (e1 + pg1e2) · S.
Note that M/Fil1M ∼= DR/D1R as R-modules. Equip M with the Frobenius given by
ϕ(e1) = pe1, ϕ(e2) = e2 as above. Then ϕ(Fil
1M) = pM as S-modules. Let ∇ : M →
M⊗R0Ω̂R0 be the connection over d
u
S given by∇(e1) = ∇(e2) = 0. Then∇ is a topologically
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quasi-nilpotent integrable connection such that the Frobenius is horizontal. Hence,M gives
a Breuil module over S (as defined in [Kim15, Section 3]), and by [Kim15, Theorem 3.5],
there exists a p-divisible group GR over R such that M∗(GR) ∼=M as Breuil modules (cf.
[Kim15] for the definition of the functorM∗(·) from the category of p-divisible groups over
R to the category of Breuil modules over S).
For integers n ≥ 0, we choose compatibly ̟n ∈ K such that ̟0 = ̟ and ̟
p
n+1 = ̟n,
and let R∞ be the p-adic completion of
⋃
n≥0R(̟n). Then R∞ ⊂ R, and let GR∞ :=
Gal(R[1
p
]/R∞[
1
p
]) be the corresponding sub-Galois group of GR. Let [̟] ∈ W (R
♭
) be the
Teichmu¨ller lift of ̟ = (̟n) ∈ R
♭
. The R0-algebra map S → R0 ⊗W (k) W (R
♭
) given by
u 7→ [̟] extends uniquely to S → Acris(R) compatibly with GR∞-actions, Frobenius and
connection. Let Fil1Acris(R) ⊂ Acris(R) be the p-adically completed ideal generated by the
divided powers of ker(θR0). Then S → Acris(R) is also compatible with filtration. Define
T (M) := HomS,Fil1,ϕ,∇(M, Acris(R)).
By [Kim15, Corollary 5.4.2], we have a natural isomorphism Tp(GR) ∼= T (M) as GR∞-
representations.
To study GR-actions, let N : S → S be a derivation given by N := −u
∂
∂u
. Let NM :
M → M be the derivation over N given by NM(e1) = NM(e2) = 0. For each integer
n ≥ 0, define a cocycle ǫ(n) : GR → R̂
×
by
ǫ(n)(g) = g ·̟n/̟n
for g ∈ GR. Let ǫ(g) = (ǫ(n)(g))n≥0 ∈ R
♭
, and t(g) := log [ǫ(g)] ∈ A∇cris(R). Note that for
any g ∈ GR, t(g) is a Zp-multiple of t, and t(g) = 0 if and only if g ∈ GR∞ . Define the
GR-action on M⊗S Acris(R) by
g · (x⊗ a) := g(a)
∞∑
i=0
N iM(x)⊗
t(g)i
i!
.
Then by [Kim15, Section 5.5], this gives a well-defined GR-action on M⊗S Acris(R) which
recovers the natural GR∞-action and is compatible with Frobenius and filtration. This
induces a GR-action on T (M) ∼= HomAcris(R),Fil1,ϕ,∇(M ⊗S Acris(R), Acris(R)), and the
natural isomorphism Tp(GR) ∼= T (M) is GR-equivariant.
Consider the map of R0[
1
p
]-modules f : D → M[1
p
] given by ei 7→ ei. Then f is
compatible with Frobenius and connection. Thus, f induces the map
f˜ : T (M)[
1
p
]→ HomR0[ 1p ],ϕ,∇(D,Bcris(R))
which is compatible with GR∞-actions. Note that f˜ is injective. Furthermore, since f(D)
lies in the kernel of NM, f˜ is compatible with GR-actions. On the other hand, since
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̟ − [̟] ∈ R⊗W (k) W (R
♭
) lies in ker(θR) and ∇(̟ − [̟]) = 0, the image of f˜ lies in
HomR0[ 1p ],ϕ,∇
(D,Bcris(R)[
1
p
]) ∩HomR[ 1
p
],Fil,∇(DR, BdR(R))
∼= Vcris(D)
∨,
where Vcris(D)
∨ denotes the dual representation of Vcris(D). So f˜ induces an injective map
f˜ : T (M)[1
p
] →֒ Vcris(D)∨ of Qp-vector spaces, and Vcris(D)∨ is rank 2 over Qp by Proposi-
tion 3.1. Thus, it is an isomorphism, and we have an isomorphism of GR-representations
Vcris(D) ∼= (Tp(GR)⊗Zp Qp)
∨.
Using Proposition 3.1, we can also construct B-pairs which are induced from weakly
admissible R0[
1
p
]-modules but do not arise from Qp-representations. For example, consider
the case K = W (k)[1
p
] (so that R = R0 is unrafmied), and let D = e1 · R0[
1
p
] ⊕ e2 · R0[
1
p
]
equipped with the filtration Fil0DR = DR, Fil
1DR = ((Y +p)e1+e2) ·R[
1
p
] and Fil2DR = 0.
Equip D with Frobenius endomorphism given by
ϕ(e1) = pe1,
ϕ(e2) = e2,
and equip D with the connection given by ∇(e1) = ∇(e2) = 0. We have tH(D) = 1 and
tN(D, p) = 1 for any p ∈ SpecR0/pR0. Consider ϕ-equivariant base change maps b0 : R0 =
W (k)[[Y ]]→W (k) given by Y 7→ 0 and bg : R0 → R0,g where R0,g is the p-adic completion
of lim−→ϕR0,(p). Note that by the universal property of p-adic Witt vectors, we have a ϕ-
equivariant isomorphism R0,g ∼= W (kg) where kg is the perfect closure lim−→ϕ Frac(R0/pR0)
of Frac(R0/pR0). To check D is weakly admissible, it suffices to show that the induced
filtered ϕ-modules D0 := D ⊗R,b0 W (k) and Dg := D ⊗R,bg W (kg) are weakly admissible.
We have D0 = e1 ·W (k)[
1
p
] ⊕ e2 ·W (k)[
1
p
] with Fil1D0 = (pe1 + e2) ·W (k)[
1
p
]. It admits
a strongly divisible W (k)-lattice M0 = pe1 ·W (k) ⊕
e2
p
·W (k) with Fil1M0 = (pe1 + e2) ·
W (k), so D0 is weakly admissible. On the other hand, Dg = e1 ·W (kg)[
1
p
]⊕ e2 ·W (kg)[
1
p
]
with Fil1Dg = ((Y + p)e1 + e2) · W (kg)[
1
p
]. It admits a strongly divisible W (kg)-lattice
Mg = e1 ·W (kg) ⊕
e2
p
·W (kg) with Fil
1Mg = ((Y + p)e1 + e2) ·W (kg), so Dg is weakly
admissible. Hence, D is a weakly admissible R0[
1
p
]-module. However, above computations
and Proposition 3.1 show that (We(D),W
∇+
dR (D)) is a B-pair which does not arise from a
Qp-representation, since (Y + p) is not a unit in R[
1
p
]. Thus, the relative case is different
from the case when the base ring is a p-adic field where every B-pair semi-stable of slope 0
arises from a Qp-representation. In particular, this answers negatively the question raised
in [Bri08, Section 8] whether weakly admissible implies admissible in the relative case.
We summarize above results in the following theorem.
13
Theorem 3.2. Let R = OK [[Y ]] whose residue field k is algebraically closed. Let V be a
horizontal crystalline GR-representation of rank 2 over Qp with Hodge-Tate weights in [0, 1]
such that its associated isocrystal is reducible. Then V arises from a p-divisible group over
R. Moreover, there exists a B-pair which arises from a weakly admissible R0[
1
p
]-module but
does not arise from a Qp-representation.
Remark 3.3. When R0 is a general relative base ring over W (k)〈X±1〉 with Krull dimension
2 and R = R0 ⊗W (k) OK with ramification index e < p − 1, then it is proved in [LM18]
using a completely different method that every crystalline GR-representation with Hodge-
Tate weights in [0, 1] arises from a p-divisible group over R. The argument in [LM18]
crucially relies on the assumption that e is small, even for the case R = OK [[Y ]].
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